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We present a relativistic formulation of the quantum Hall effect on Haldane sphere. An explicit
form of the pseudopotential is derived for the relativistic quantum Hall effect with/without mass
term. We clarify particular features of the relativistic quantum Hall states with the use of the exact
diagonalization study of the pseudopotential Hamiltonian. Physical effects of the mass term to the
relativistic quantum Hall states are investigated in detail. The mass term acts as an interpolating
parameter between the relativistic and non-relativistic quantum Hall effects. It is pointed out that
the mass term unevenly affects the many-body physics of the positive and negative Landau levels
as a manifestation of the “parity anomaly”. In particular, we explicitly demonstrate the instability
of the Laughlin state of the positive first relativistic Landau level with the reduction of the charge
gap.
I. INTRODUCTION
Dirac matter has attracted considerable attention in
condensed matter physics for its novel properties and
recent experimental realizations in solid materials. In
contrast to normal single-particle excitations in solids,
Dirac particles exhibit linear dispersion in a low energy
region and continuously vanishing density of states at the
charge-neutral point [1]. These features are actually re-
alized in graphene [2, 3] and on topological insulator sur-
face [4]. Besides, in the presence of a magnetic field, the
relativistic quantum Hall effect was observed in graphene
[5–7] and also on topological insulator surface recently
[8, 9].
One of the most intriguing features of the relativistic
quantum Hall effect is the effect of mass term; in the
non-relativistic quantum Hall effect, the mass parameter
just tunes the Landau level spacing, while in the rela-
tivistic quantum Hall effect the mass term is concerned
with interesting physics such as the semi-metal to insula-
tor transition and the time reversal symmetry breaking
of the topological insulators [10]. In experiments, disor-
der and interaction with a substrate in the atomic layer of
graphene cause the asymmetry in the two sublattices of a
honeycomb structure to induce a mass term [11, 12], and
magnetic doping in topological insulators yields a mas-
sive gap of the surface Dirac cone [13]. Interestingly, in
the presence of an external magnetic field, the mass term
brings the physics associated with the “parity anomaly”
[14]; in the absence of a magnetic field, the mass term
does not change the equivalence between the positive and
negative energy levels [15], while in the presence ot a
magnetic field, asymmetry occurs between the positive
and negative energy levels depending on the sign of the
mass parameter [16] (see Fig.1).
In this paper, we establish a relativistic formulation of
the quantum Hall effect on a two-sphere and perform a
first investigation of the “parity anomaly” in the context
of the relativistic many-body physics. For concrete calcu-
lations, the spherical geometry called Haldane sphere [17]
is adopted. Instead of using the approximate pseudopo-
(a)   Massless
(b)    Massive
FIG. 1. Schematic of the energy spectrum and Landau level.
(a) and (b) show the massless and the massive cases (M > 0),
respectively. (g represents a monopole charge.) The right
figure of (b) shows asymmetry between the positive and neg-
ative energy levels due to the absence of −M . (In general,
there exists the energy level E = +sgn(g ·M) |M | while not
E = −sgn(g ·M) |M |.) The original reflection symmetry of
the energy levels with respect to the zero-energy is broken due
to the mass term.
tential of the infinite disk geometry in the previous study
[18], we construct an exact form of the pseudopotential
based on the relativistic Landau model recently analyzed
by one of the authors [19]. Previous numerical studies on
fractional quantum Hall states in graphene show the ex-
istence of a Laughlin state at ν = 1/3 even in the n = 1
Landau level [20, 21] where the charge excitation gap is
larger than that of the n = 0 Landau level. This sta-
bility of the Laughlin state in the n = 1 Landau level
is a unique feature of the linear dispersion of the Dirac
2equation. We study how this stability of the Laughlin
states changes with increase of mass. Based on the ex-
act diagonalization, we numerically obtain a many-body
ground state of the relativistic pseudopotential Hamilto-
nian, and analyze the mass effect to the Laughlin state
at ν = 1/3 in the n = 1 relativistic Landau level.
II. RELATIVISTIC LANDAU PROBLEM ON A
SPHERE
In this section, we give a brief review of the relativistic
Landau problem on the Haldane’s sphere [19] and discuss
its mass deformation. The monopole gauge field is given
by [22, 23]
A = −g cos θ dφ, (2.1)
where g denotes the monopole charge. (In the following,
we assume that g is positive for simplicity.) The Dirac
operator on the Haldane sphere can be represented as
−i 6D = −ie µm γm(∂µ + iωµ − iAµ) where e µm (m = 1, 2,
µ = θ, φ) denote the zweibein of two-sphere whose non-
zero components are e θ1 = 1/R, e
φ
2 = 1/(R sin θ) (R is
the radius of the Haldane sphere) and ωµ stands for the
spin connection. When we adopt the 2D gamma matrices
as (γ1, γ2) = (σx, σy), the spin connection is expressed as
ωθ = 0, ωφ =
1
2σz, and then the Dirac operator takes the
form of
−i 6D = −i 1
R
σx∂θ − i 1
R sin θ
σy(∂φ + i(g − 1
2
σz) cos θ)
= −i 1
R
σx(∂θ +
1
2
cot θ)− iσy 1
R sin θ
(∂φ + ig cos θ),
(2.2)
or
− i 6D = 1
R
(
0 −ið(g+
1
2
)
−
−ið(g−
1
2
)
+ 0
)
. (2.3)
Here ð
(g+ 1
2
)
± are the edth operators [24]:
ð
(g)
± = ∂θ ∓ ig cot θ ± i
1
sin θ
∂φ. (2.4)
For graphene, two components of the Dirac spinor indi-
cate sublattice degrees of freedom, while for a topological
insulator the real spin degrees of freedom of surface elec-
tron. The eigenvalues of the Dirac operator (2.2) are
derived as
± λn = ± 1
R
√
n(n+ 2g), (n = 0, 1, 2, · · · ) (2.5)
where n corresponds to the relativistic Landau level in-
dex. Notice that the spectrum (2.5) exhibits the reflec-
tion symmetry with respect to the zero energy. Each
Landau level ±λn accommodates the following degener-
acy
dλn = d−λn = 2(g + n). (2.6)
The degenerate eigenstates of the Landau level are
n = 1, 2, · · · :
ψg±λn,m(θ, φ) =
1√
2

 Y g−
1
2
j=(g− 1
2
)+n,m
(θ, φ)
∓iY g+
1
2
j=(g+ 1
2
)+(n−1),m
(θ, φ)

 ,
(2.7a)
n = 0 : ψgλ0=0,m(θ, φ) =
(
Y
g− 1
2
j=g− 1
2
,m
(θ, φ)
0
)
, (2.7b)
with m = −g + 12 + n,−g + 32 + n, · · · , g − 12 + n. Y gj,m
denote the monopole harmonics [22]:
Y gl,m(θ, φ) = 2
m
√
(2l + 1)(l −m)!(l +m)!
4π(l − g)!(l + g)!
× (1 − x)−m+g2 (1 + x)−m−g2 P (−m−g,−m+g)l+m (x) · eimφ,
(2.8)
where x = cos θ and P
(α,β)
n (x) stand for the Jacobi poly-
nomials.
The magnetic field does not affect the spectrum sym-
metry between the positive and negative Landau levels
(2.5), but acts unevenly on the upper and lower com-
ponents of the eigenstates, which can most apparently
be seen from the absence of the lower component of the
zero-mode (2.7b). Also notice that the components of
ψg±λn,m (2.7a) consist of the monopole harmonics in dif-
ferent non-relativistic Landau levels, n and n − 1, and
carry the same SU(2) index
j = g − 1
2
+ n, (2.9)
which implies that ψg±λn,m itself transforms as the SU(2)
irreducible representation. Such SU(2) angular momen-
tum operators are given by
Ji = −iǫijkxj(∂k − iAk)− (g − 1
2
σz)
xi
r
, (2.10)
with
A = Aidxi = −(g − 1
2
σz) cos θdφ. (2.11)
Ji (2.10) is formally equivalent to the total angular mo-
mentum of the non-relativistic charge-monopole system
with the replacement of the monopole charge g to a ma-
trix value, g− 12σz . The Dirac operator is a singlet under
the SU(2) transformation generated by Ji,
[Ji,−i 6D] = 0, (2.12)
and so there exist the simultaneous eigenstates (2.7) of
the Dirac operator and the SU(2) Casimir. Each rela-
tivistic Landau level thus accommodates the SU(2) de-
generacy (2.6), 2j + 1 = 2(g + n).
3The Dirac operator also respects the chiral symmetry,
{−i 6D, σz} = 0, (2.13)
and the spectrum of the Dirac operator is symmetric with
respect to the zero eigenvalue (2.5). The non-zero Lan-
dau level eigenstates of the same eigenvalue magnitude
(2.7a) are related by the chiral transformation:
ψg±λn,m = σzψ
g
∓λn,m
. (2.14)
A. Mass deformation
We apply a mass deformation to the Dirac operator:
− i 6D + σzM = 1
R
(
RM −ið(g+
1
2
)
−
−ið(g−
1
2
)
+ −RM
)
. (2.15)
The mass deformation does not break the SU(2) rota-
tional symmetry of the system
[σzM,Ji] = 0, (2.16)
but break the chiral symmetry, {σzM,σz} = 2M 6= 0.
The mass deformation is expected to bring asymmetry
between the positive and negative spectrum. The square
of the mass deformed Dirac operator yields
(−i 6D + σzM)2 = (−i 6D)2 +M2, (2.17)
and the eigenvalues of the mass deformed Dirac operator
are obtained as
n = 1, 2, · · · : ±Λn = ± 1
R
√
n(n+ 2g) + (MR)2,
(2.18a)
n = 0 : Λ0 = +M. (2.18b)
Note that for n ≥ 1 the spectra (2.18a) still respect
the reflection symmetry with respect to the zero energy,
while n = 0 (2.18b) does not have its counterpart of
the negative energy −M [Fig.2]. This asymmetry is a
manifestation of the “parity anomaly” as mentioned in
Introduction. The corresponding eigenstates for (2.18)
are respectively given by
n = 1, 2, · · · :
ψg±Λn,m =
√
Λn + λn
2Λn
(ψg±λn,m ±
M
Λn + λn
ψg∓λn,m),
(2.19a)
n = 0 : ψgΛ0=M,m = ψ
g
λ0=0,m
, (2.19b)
wherem = −n−g+ 12 ,−n−g+ 32 , · · · , n+g− 12 . One may
find that ψgΛ0=M,m (2.19b) are simply the zero-modes of
the massless Dirac operator, while ψg+Λn,m and ψ
g
−Λn,m
(2.19a) are linear combinations of the chirality partners of
non-zero Landau levels, ψg+λn,m and ψ
g
−λn,m
, and reduced
to them in M → 0. The mass deformation is inert to
nR= 0
−1
−2
−3
+3
+2
+1
nNR = 0
nNR = 0
−1
−2
+2
+3
+1
FIG. 2. (Color online) The change of the Dirac operator spec-
trum under the mass deformation. nR corresponds to the rel-
ativistic Landau level by sgn(nR) · Λn=|nR|, and nNR to the
non-relativistic Landau level by sgn(nNR)·En=|nNR|. The mass
deformation brings the asymmetry of the spectrum due to the
presence of nR = 0 Landau level Λn=0 = +M (the black solid
line in the middle figure). In the non-relativistic limit (the
right figure), the spectrum yields the non-relativistic Landau
level spectrum. Notice that each of the negative relativis-
tic Landau levels decreases (the absolute value of) its Lan-
dau level index by one in the non-relativistic Landau level as
|nNR| = |nR| − 1.
the Landau level degeneracy; each of the Landau levels
±Λn has the same degeneracy d±Λn = 2(g + n), since
the SU(2) symmetry is kept exact even under the mass
deformation.
Meanwhile in M → ∞ which we call the non-
relativistic limit, the positive Landau level spectra
(2.18a) are reduced to
+ Λn ≃ M + 1
2MR2
n(n+ 2g) +O(
1
M3
), (2.20)
and the eigenstates (2.19a) are
ψg+Λn,m ≃
1√
2
(ψgλn,m + ψ
g
−λn,m
) =
(
Y
g− 1
2
j=g− 1
2
+n,m
0
)
.
(2.21)
Notice that the next leading order term on the right-hand
side of (2.20) is equal to the non-relativistic Landau levels
[17]:
En =
1
2MR2
(n(n+ 2g + 1) + g), (2.22)
with replacement from (n, g) to (n, g − 12 ) up to a unim-
portant constant and for the eigenstates (2.21) also. Thus
in the non-relativistic limit, nth positive relativistic Lan-
dau level is reduced to nth non-relativistic Landau level
with monopole charge g − 12 . Similarly for the negative
relativistic Landau level, we have
− Λn ≃ −M − 1
2MR2
n(n+ 2g) +O(
1
M3
), (2.23)
4and
ψg−Λn,m ≃
1√
2
(ψg−λn,m−ψ
g
λn,m
) = i
(
0
Y
g+ 1
2
j=g+ 1
2
+(n−1),m
)
.
(2.24)
The next leading order term of the opposite sign on the
right-hand side of (2.23) is equal to the non-relativistic
Landau level (2.22) with replacement from (n, g) to
(n − 1, g + 12 ) and for the eigenstates (2.24) also. Thus
in the non-relativistic limit, up to a constant, (the abso-
lute value of) the nth negative relativistic Landau level
reproduces (n − 1)th non-relativistic Landau level with
monopole charge g + 12 .
To summarize, the mass parameter interpolates the
nth positive/negative relativistic Landau level physics
(M → 0) and the n/n−1th non-relativistic Landau level
physics (M →∞). It is important to note that the pos-
itive and negative relativistic Landau levels approach to
the different non-relativistic Landau levels in theM →∞
limit. We will revisit this in the context of many-body
physics in Sec.IV.
III. RELATIVISTIC PSEUDOPOTENTIAL
We next construct a relativistic pseudopotential on
the Haldane sphere. Neglecting Landau level mixing,
the projection Hamiltonian onto the nth Landau level
is given by
H =
∑
p<q
∑
J
V nJ PJ(p, q) (3.1)
where V nJ is Haldane’s pseudopotential in nth Landau
level and PJ (p, q) projects onto states in which pth
and qth particles have two-body angular momentum J .
PJ (p, q) is given by
PJ(p, q) =
∏
J′ 6=J
(Jp + Jq)
2 − J ′(J ′ + 1)
J(J + 1)− J ′(J ′ + 1) (3.2)
where Jp (2.10) represents the angular momentum oper-
ator for the pth particle and J(J + 1) is the eigenvalue
of (Jp + Jq)
2. Due to the Wigner-Eckart theorem, the
pseudopotential can be expressed as
V nJ δJz,J′z = 〈〈J, Jz|V |J, J ′z〉〉 (3.3)
where V is Coulomb interaction and |J, Jz〉〉 denotes a
two-particle state with azimuthal angular momentum Jz.
Let us begin with the massless case. For notational
brevity, we rewrite the relativistic eigenstates (2.7a) as
the state vector |j,m, g〉〉:
|j,m, g〉〉±λn =
1√
2
(|j,m, g − 1
2
〉|↑〉 ∓ i|j,m, g + 1
2
〉|↓〉)
(3.4)
where
〈θ, φ|j,m, g ± 1
2
〉 = Y g± 12j,m (θ, φ),
|↑〉 =
(
1
0
)
, |↓〉 =
(
0
1
)
. (3.5)
The two-particle state |J, Jz〉〉 is given by
|J, Jz〉〉±λn =
∑
m1,m2
CJ,Jzjm1,jm2 |j,m1, g〉〉±λn⊗|j,m2, g〉〉±λn
(3.6)
where CJ,Jzjm,jm′ represents Clebsch-Gordan coefficients:
CJ,Jzjm,jm′ = (−1)Jz
√
2J + 1
(
j j J
m m′ −Jz
)
. (3.7)
(· · · ) denotes the Wigner 3j-symbol. Substituting
Eq. (3.4) to Eq. (3.6), we have
|J, Jz〉〉±λn =
1
2
∑
m1,m2
CJ,Jzjm1,jm2
× [|j,m1, g − 1
2
; j,m2, g − 1
2
〉|↑, ↑〉
∓ i|j,m1, g − 1
2
; j,m2, g +
1
2
〉|↑, ↓〉
∓ i|j,m1, g + 1
2
; j,m2, g − 1
2
〉|↓, ↑〉
− |j,m1, g + 1
2
; j,m2, g +
1
2
〉|↓, ↓〉]. (3.8)
With (3.8), the relativistic pseudopotential (3.3) is eval-
uated as
V RJ =
1
4
∑
α,β=g± 1
2
VJ (j, α, β) (3.9)
where
VJ (j, α, β) =
1
R
(2j + 1)2(−1)α+β+J
×
2j∑
k=0
{
J j j
k j j
}(
j k j
−α 0 α
)(
j k j
−β 0 β
)
. (3.10)
{· · · } denotes the 6j symbol. (See Appendix A for de-
tail derivation of (3.10) and definition of the 6j-symbol.)
Notice that the relativistic pseudopotential (3.9) is the
average of the four pseudopotentials VJ (j, α, β) with
(α, β) = (g − 12 , g − 12 ), (g + 12 , g + 12 ), (g − 12 , g + 12 ) and
(g+ 12 , g− 12 ). The first two correspond to the pseudopo-
tentials of nth and (n−1)th non-relativistic Landau levels
respectively. (Remember j = g− 12+n = g+ 12+(n−1).)
The remaining two come from the cross term between
nth and (n − 1)th non-relativistic Landau levels, which
are unique pseudopotentials in the relativistic case.
5Next we move to the massive case. The relativistic
eigenstate (2.19a) can be rewritten as
|j,m, g,M〉〉±Λn =
1
2
√
Λn + λn
Λn
×
[(
1± M
Λn + λn
)
|j,m, g − 1
2
〉|↑〉
∓ i
(
1∓ M
Λn + λn
)
|j,m, g + 1
2
〉|↓〉
]
, (3.11)
and in a similar manner to the massless case, the pseu-
dopotentials are derived as
V RJ (M)±Λn =
1
4
[(
1± M
Λn
)2
VJ(j, g − 1
2
, g − 1
2
)
+
(
λn
Λn
)2
(VJ (j, g − 1
2
, g +
1
2
) + VJ (j, g +
1
2
, g − 1
2
))
+
(
1∓ M
Λn
)2
VJ (j, g +
1
2
, g +
1
2
)
]
. (3.12)
It is easy to confirm that (3.12) is reduced to (3.9) in the
massless limit M → 0. Superficially the mass gap might
not seem to have something to do with the Coulomb in-
teraction, but quite interestingly the mass gap indeed
alters the strength of the effective Coulomb pseudopo-
tential as found in (3.12). Since the SU(2) generators
are immune to the mass deformation, the mass deforma-
tion affects the projection Hamiltonian (3.1) not through
the projection operators (3.2) but through the pseudopo-
tentials (3.12) only.
In the following discussions, we express the pseudopo-
tentials as a function of the relative angular momentum
m = 2j − J : The readers should notice that Vm in the
following sections indicates VJ=2j−m used in this section.
IV. NUMERICAL RESULTS
To investigate the physics of the mass deformation on
many-body states, we perform an exact diagonalization
study at ν = 1/3. We focus on the single Dirac Hamilto-
nian, which describes the surface electrons of a 3D topo-
logical insulator or graphene with full spin and valley
polarization. In the following, we set e2/ǫlB to unity. (ǫ
is a dielectric constant.) It is well known that the ground
state is described by the Laughlin state at ν = 1/q (q is
odd integer) [25]. In the spherical geometry, the Laugh-
lin state is realized when the total flux NΦ is given by
[17, 26]
NΦ = 2j = ν
−1(Ne − 1) (4.1)
where Ne is the number of electrons in a partially filled
Landau level. We define the total energy as
E(NΦ) = EC(NΦ)− N
2
e
2R
(4.2)
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FIG. 3. (Color online) (a) Total flux dependence of the
pseudopotential for the relativistic massless particles (3.9) in
n = 1. The open and filled circles show V Rm with 2j = 16 and
64, respectively. The solid squares represent the pseudopoten-
tial for the infinite disk geometry corresponding to 2j = 16.
(b) Pseudopotentials in several cases. The filled squares and
triangles exhibit V nRm in n = 0 and n = 1. The solid cir-
cles represent the relativistic pseudopotential in n = 1. (The
relativistic pseudopotential in n = 0 is the same as the non-
relativistic pseudopotential in n = 0.)
where the first term represents the energy of Coulomb
interaction and the second term means the effect of the
neutralizing background and the self-energy of the back-
ground.
We also assess the energy gap for the creation of a
quasiparticle or a quasihole as
∆±c = E(NΦ ± 1)− E(NΦ) (4.3)
where +/− indicates to quasihole/quasiparticle. A ther-
mal excitation is a neutral pair of a quasiparticle and a
quasihole whose excitation gap is given by
∆c = ∆
+
c +∆
−
c (4.4)
for infinite separation.
A. Massless case
We first investigate the massless relativistic case for
comparison to the non-relativistic results obtained by
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FIG. 4. (Color online) (a) Ground state energies at ν = 1/3 of
relativistic n = 1 Landau level as a function 1/Ne. The open
and filled circles represent the lowest energies in unit of e2/ǫlB
and e2/ǫl′B , respectively. The solid (dotted) line shows the
linear (square) fitting for each of the energies. (b) Overlaps
for each Ne between the ground state at ν = 1/3 of relativistic
n = 1 Landau level and the Laughlin wave function. (c) and
(d) respectively show the charge gap and the rescaled one at
ν = 1/3 of relativistic n = 1 (red circles) and non-relativistic
n = 0 (black triangles) Landau levels.
Fano et al . [27]. We perform numerical calculations only
for +λn since the pseudo-potential Hamiltonian of −λn
is equivalent to that of +λn. Figure 3 (a) shows the total
flux dependence of the relativistic pseudopotential V Rm in
n = 1 and that of the pseudopotential V Diskm in infinite
disk geometry [28]:
V Diskm =
∫
dq
2π
qV (q)[Fn(q)]
2Lm(q
2)e−q
2
. (4.5)
Here Fn(q) is the relativistic form factor [29]
Fn(q) =
1
2
[
Ln(q
2/2) + Ln−1(q
2/2)
]
(4.6)
with Laguerre polynomials Ln(x).
It is expected that V Rm and V
Disk
m become equivalent
in the thermodynamic limit g → ∞ since the finite size
effect of the sphere will vanish in R =
√
glB →∞ (with
fixed lB = 1/
√
eB). Indeed, with the increase of the total
flux 2g, V Rm apparently approaches V
Disk
m in Fig. 3 (a).
Thus we confirm the equivalence between the disk and
spherical geometries in the thermodynamic limit.
The difference between the relativistic and the non-
relativistic pseudopotentials is expected to appear in the
charge excitation energy of the Laughlin state at ν = 1/3.
Since the charge gap of the Laughlin state strongly de-
pends on V1−V3 [26], we focus on V1−V3. In Fig. 3(b) we
compare the m-dependence of the pseudopotentials be-
tween the relativistic V Rm in n = 1 and the non-relativistic
V nRm (= VJ(j, g, g)|j=n+g) in n = 0 and 1. The value of
V1 − V3 of non-relativistic n = 1 Landau level is the
smallest, and hence its Laughlin state is considered to
be unstable against large thermal and impurity effects
in the energy unit of e2/ǫℓB in the experimental situa-
tion. (Also notice that the pseudopotential shows a cusp
at the relative angular momentum m = 2.) Meanwhile,
the n = 1 relativistic pseudopotential V Rm shows a mono-
tonic decay as a function of the relative angular momen-
tum and its V Rm=1 − V Rm=3 is the largest. Therefore, the
Laughlin state in the n = 1 relativistic level is expected
to be more stable than those of the non-relativistic levels
n = 0, 1 [18, 21].
To obtain the properties of the bulk limit, we need the
extrapolation on the size of systems. We, however, some-
times have strong finite-size effects (for example, see the
open circles in Fig. 4(a)). Fortunately, with the rescaled
magnetic length l′B =
√
NΦν/NelB =
√
(Ne − 1)/NelB,
the ground state energy and the charge gap in units of
e2/ǫl′B give us good extrapolated values even if the num-
ber of electrons is small [30]. Indeed, the open circles in
Fig. 4(a) showing the lowest energies for each Ne in the
unit of e2/ǫℓB have large size dependence compared with
that of the filled circles in Fig. 4(a), which correspond to
the energies rescaled by l′B. The filled circles are scaled
by a linear function to have E0(Ne →∞) ≈ −0.3721.
Figure 4(b) exhibits the overlaps 〈Ψ0|ΨL〉 between the
numerical ground state |Ψ0〉 at ν = 1/3 of the relativis-
tic n = 1 Landau level and the Laughlin wave function
|ΨL〉. The Laughlin state has a remarkably large overlap
〈Ψ0|ΨL〉 for each Ne more than 99%, which strongly sug-
gests that the many-body groundstate of the relativistic
n = 1 Landau level is the Laughlin state.
Figure 4(c) displays the charge gap ∆c (4.4) at ν = 1/3
of the relativistic n = 1 and non-relativistic n = 0 Lan-
dau levels, and Fig. 4(d) exhibits the rescaled charge gap
∆rescaledc . The charge gap in the relativistic n = 1 Landau
level is larger than that in the non-relativistic n = 0 Lan-
dau level. This is expected from the previous observation
that the Laughlin state in the relativistic Landau level
is more stable than in the non-relativistic Landau level.
From the rescaled charge gap, we obtain ∆c ≈ 0.1163 in
the relativistic n = 1 Landau level. This value is in agree-
ment with previous work using V Diskm in larger systems
[18].
B. Massive case
We investigate the mass effect on the n = 1 positive
and negative relativistic Landau levels. In particular,
we discuss the mass dependent behavior of the Laughlin
state of n = 1, which is the many-body groundstate in the
massless case. Figures 5(a) and 5(b) show the mass de-
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FIG. 5. (Color online) Mass dependence of the pseudopoten-
tial with 2j = 64. (a) and (b) show the numerical results in
−Λn=1 and +Λn=1, respectively.
pendence of the pseudopotentials. [To express the mass
dependence of quantities, we adopt a dimensionless mass
parameter,M/λn=1 with λn=1 (2.5) being the kinetic en-
ergy of the n = 1 relativistic Landau level.] As shown
in Fig. 5(a), for the negative relativistic Landau level
−Λn=1 < 0, V Rm slightly decrease with the increase of
M/λn=1 and monotonically with the increase of the rela-
tive angular momentum m like the n = 0 non-relativistic
pseudopotential. For the positive Landau level +Λn=1,
the pseudopotential exhibits an intriguing behavior: for
smallM/λn=1, its behavior is similar to that of the mass-
less case in Fig. 3(a), while with the increase of M/λn=1,
the pseudopotential shows a cusp at m = 2, which is a
unique feature of the n = 1 non-relativistic pseudopo-
tential as depicted in Fig. 3(b). We thus have derived
a concrete behavior of the pseudopotentials with respect
to the mass parameter and demonstrated that the mass
parameter interpolates the relativistic pseudo-potential
(M → 0) and non-relativistic one (M →∞).
Since the pseudo-potential Hamiltonian dominates the
many-body physics in a given Landau level, it may be
natural to expect that the mass parameter also inter-
polates the relativistic and non-relativistic many-body
physics. The overlap 〈Ψ0|ΨL〉 at ν = 1/3 in Ne = 7, 8
and 9 systems as a function of M/λn=1 is shown in
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FIG. 6. (Color online) (a) Mass dependence of the overlaps
between the numerical ground state and the Laughlin wave
function in Ne = 7, 8, and 9 systems. (b) Charge gap in
thermodynamic limit with unit of e2/ǫl′B . Insets in (a) and
(b) give the numerical results in 0 ≤ M/λn=1 ≤ 3
Fig. 6(a). The overlap in the negative relativistic Landau
level −Λn=1 keeps large values more than 99% all over
M/λn=1 (left-figure). Meanwhile, the overlap in the rel-
ativistic positive Landau level +Λn=1 rapidly decreases
with increasingM/λn=1 (right-figure) and finally reduces
to about 50% in a Ne = 9 system in the large M/λn=1
region. Besides, the overlap becomes strongly suppressed
with the increase of Ne [Fig. 6(a)]. Hence in the thermo-
dynamic limit, the overlap will be significantly reduced
even if the mass is not so large. The charge gap in the
thermodynamic limit (Ne → ∞) can be obtained from
the rescaled charge gap ∆rescaledc as deduced at 1/Ne → 0
in Fig.4(d). The charge gap ∆rescaledc (Ne → ∞) also ex-
hibits a rapid decay in +Λn=1 as shown in Fig. 6(b).
Thus the Laughlin state is no longer a good candidate
for the ground state with large M/λn=1 in +Λn, and in
the M →∞ limit the groundstate will become to that of
the non-relativistic n = 1 Landau level [31].
Let us consider these results in view of the parity
anomaly. In the massless case, the relativistic system re-
spects the chiral symmetry and so the pseudopotentials
in the positive and negative relativistic Landau levels are
equivalent. When M is turned on, accompanied with
the chiral symmetry breaking, the mass deformed pseu-
8dopotentials in ±Λn begin to split according to (3.12).
Since in the non-relativistic limit (M → ∞), ψ+Λn and
ψ−Λn are reduced to the non-relativistic eigenstates in
nth and (n − 1)th Landau levels [remember the discus-
sions in Sect.II A], V RJ (M)+Λn and V
R
J (M)−Λn are also
reduced to the non-relativistic pseudopotentials of the n
and (n − 1)th Landau levels respectively. As a result,
while the ground state in −Λn=1 keeps being character-
ized by the Laughlin state, in +Λn=1 the groundstate
is no longer given by the Laughlin state in the large M
region. Thus, the “parity anomaly” brings inequivalence
also to the many-body physics of the relativistic quantum
Hall effect.
V. SUMMARY AND DISCUSSIONS
We developed a relativistic formulation of the quantum
Hall effect on the Haldane sphere and performed numer-
ical investigations. Specifically, we analyzed the proper-
ties of the relativistic quantum Hall liquid at ν = 1/3 by
the exact diagonalization based on the newly constructed
relativistic pseudopotential Hamiltonian. Though in the
massless case either of relativistic many-body ground-
states for the n = 1 positive and negative relativistic
Landau levels are well described by the Laughlin wave-
function, our numerical results indicate that the mass
term significantly reduces the charge gap of the positive
relativistic Landau level n = 1 and the Laughlin state
no longer well describes the many-body groundstate in
the presence of a sufficiently large mass. Since the mass-
dependent behaviors are enhanced with the increase of
the number of electrons, our results will maintain correct
in the thermodynamic limit even if the mass gap is not
so large.
Here, we note the energy scale of the mass term in ex-
perimental Dirac matter. For graphene and topological
insulators (such as Bi2Se3), the Fermi velocity vF is in the
order of 1×106 [32] and 1×105 m/s [33], respectively. The
level spacing between the relativistic n = 0 and n = 1
Landau levels is given by
√
2~vF /ℓB ≃ 4vF
√
B[T]×10−5
meV. Meanwhile, the mass gap induced by the breaking
of the AB sublattice symmetry of graphene is reported
as 260 meV [11], and that of the Bi2Se3 topological insu-
lator surface with 16% Fe doping is estimated about 50
meV [13]. Thus, for both graphene and topological insu-
lator surfaces, the mass parameter can become compara-
ble with (or even larger than) the Landau level spacing
by controlling an external magnetic field. It is expected
that the present results will be observable in real Dirac
matter.
NOTE ADDED IN PROOF
While revising the paper, we were aware of a work by
Arciniaga and Peterson [34] in which they independently
explored a relativistic formulation of the quantum Hall
effect on the Haldane sphere.
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Appendix A: Derivation of the pseudopotential
We derive an explicit representation of V RJ (3.9) using
the method of Ref.[35]. From the definition of the pseu-
dopotential and the two-particle state, V (j, α, β) in the
main text is given by
VJ(j, α, β) =∑
m1,m2,n1,n2
CJ,Jzjm1,jm2C
J,Jz
jn1,jn2
〈j,m1, α; j,m2, β|V |j, n1, α; j, n2, β〉. (A.1)
Here, V is the Coulomb interaction on the sphere, V (r1−
r2) =
e2
ǫ|r1−r2|
with |r1| = |r2| = R, which can be ex-
pressed as
V (r1 − r2) = e
2
ǫR
∞∑
k=0
4π
2k + 1
k∑
m′=−k
Yk,m′(Ω1)
∗Yk,m′(Ω2)
(A.2)
where Yk,m′ are spherical harmonics and Ωp means the
spherical coordinate (θp, φp) for the pth particle. The
matrix elements of (A.1) are written as
〈j,m1, α; j,m2, β|V |j, n1, α; j, n2, β〉 =
e2
ǫR
∞∑
k=0
k∑
m′=−k
4π
2k + 1
×
∫
Y αj,m1(Ω1)
∗Yk,m′(Ω1)
∗Y αj,n1(Ω1)dΩ1
×
∫
Y βj,m2(Ω2)
∗Yk,m′(Ω2)Y
β
j,n2
(Ω1)dΩ2. (A.3)
Using properties of the monopole harmonics [22, 23]
Yk,m′(Ω) = Y
0
k,m′(Ω) (A.4a)
Y gj,m(Ω)
∗ = (−1)g+MY −gj,−m(Ω) (A.4b)∫
Y gj,m(Ω)Y
0
k,m′(Ω)Y
g′
j,n(Ω)dΩ = (−1)2j+k×[
(2j + 1)(2k + 1)(2j′ + 1)
4π
]1/2 (
j k j
g 0 g′
)(
j k j
m m′ n
)
,
(A.4c)
9we can represent (A.3) as
〈j,m1, α; j,m2, β|V |j, n1, α; j, n2, β〉 =
e2
ǫR
2j∑
k=0
k∑
m′=−k
(2j + 1)2
(
j k j
−α 0 α
)(
j k j
−β 0 β
)
×
(
j k j
−m1 −m′ n1
)(
j k j
−m2 m′ n2
)
. (A.5)
Note that
∑∞
k=0 reduces a finite sum up to 2j since the
3j-symbol is finite for 0 ≤ k ≤ 2j. Since VJ (j, α, β) does
not depend on Jz , the sum on the right-hand side of (A.1)
can be rewritten as∑
m1,m2,n1,n2,m′
(· · · ) = 1
2J + 1
∑
m1,m2,n1,n2,m′,Jz
(· · · ).
(A.6)
With (3.7) and the definition of the 6j-symbol
{
j1 j2 j3
j4 j5 j6
}
≡
∑
{mi}
(−1)
∑
6
i=1
(ji−mi)
×
(
j1 j2 j3
−m1 −m2 −m3
)(
j1 j5 j6
m1 −m5 m6
)
×
(
j4 j2 j6
m4 m2 −m6
)(
j4 j5 j3
−m4 m5 m3
)
,
(A.7)
we can perform the summation over
m1,m2, n1, n2,m
′, Jz in (A.1) to obtain (3.10).
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